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Abstract—The coupled problem of radiative transport and turbulent natural convection in a volumetrically
heated, horizontal gray fluid medium, bounded from above by a rigid, isothermal wall and below by a rigid,
adiabatic wall, is investigated analytically. An approximate method based upon the boundary layer
approach is employed to obtain the dependence of heat transfer at the upper wall on the principal parameters
of the problem, which, for moderate Prandtl number, are the Rayleigh number, Ra, the optical thickness, xL,
and the conduction-radiation coupling parameter, N. Also obtained in this study is the behavior of the
thermal boundary layer at the upper wall. At large L, the contribution of thermal radiation to heat transfer
in the layer is found to be negligible for N > 10, moderate for N ~ 1, and overwhelming for N < 0.1.
However, at small kL, thermal radiation is found to be important only for N < 0.01. While a higher level of
turbulence results in a thinner boundary layer, a larger effect of radiation is found to result in a thicker one.
Thus, in the presence of strong thermal radiation, a much larger value of Ra is required for the boundary layer
approach to remain valid. Under severe radiation conditions, no boundary layer flow regime is found to exist
even at very high Rayleigh numbers. Accordingly, the ranges of applicability of the present results are
determined and the approximate method justified. In particular, the validity of the present analysis is tested
in three limiting cases, i.e. those of kL — ¢, N — >, and Ra — 7, and is further confirmed by comparison
with the numerical solution.
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NOMENCLATURE

C, specific heat;

Ei(x), ith exponential integral;

g, acceleration due to gravity;

L, layer depth;

M, temperature ratio, equation (21};

N, conduction-radiation coupling
parameter;

Nu, Nusselt number;

Nuy, Nusselt number for the purely turbulent
convection case;

P, pressure;

Pr, Prandtl number;

qrs radiation flux;

Ra, Rayleigh number;

S, volumetric heat generation rate;

t, time;

T, mean temperature;

AT, temperature drop across the layer;
u, velocity ;

w, vertical component of velocity;

z, vertical coordinate.

Greek symbols

B, isobaric coefficient of thermal expansion;
4, boundary layer thickness;
Pos density;

* Present address: Department of Mechanical Engineer-
ing, The University of Wisconsin-Milwaukee, Milwaukee,
Wisconsin 53201, US.A.

o, thermal diffusivity;
v, kinematic viscosity;
A, thermal conductivity;
o, Stefan—Boltzmann constant;
K, absorption coefficient ;
8, fluctuating temperature.
Subscripts

0, lower surface;
1, upper surface;

2 optically thick;
d, boundary layer.

1. INTRODUCTION

TURBULENT thermal convection in a horizontal fluid
layer heated internally at high Rayleigh numbers [1]
has in recent years received considerable interest
owing to its technological and geophysical
applications. So far, most theoretical and experimental
investigations have been concerned with turbulent
convection in low-temperature heat-generating fluid
media. However, in many engineering problems such
as the cooling of nuclear reactor core-melts, the fluid
media in question are at high temperatures, usually of
several thousand degree K. In such cases, the effect of
internal thermal radiation can be quite significant on
heat transport in the fluid layer and therefore requires
proper considerations.

Very few studies have been made of radiative heat
transfer in a volumetrically heated fluid layer, in spite
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of its practical importance. Anderson [2] employed
the Rosseland diffusion approximation and radiative
slip boundary conditions to obtain the radiant heat
transfer in a horizontal moliten uranium-oxide layer,
Using empirically determined constant values for the
apparent convective thermal diffusivity he found that
heat transfer in the layer was enhanced markedly by
radiation at moderate Rayleigh numbers. However, at
high Rayleigh numbers, radiant heat loss appeared to
be relatively small compared to the convective heat
loss. Later, Cho et al. [3] employed the eddy heat
transport model of Cheung [4] to account for the local
variation of eddy thermal diffusivity in the layer. When
combined with the Rosseland diffusion approxi-
mation, they found the contribution of thermal ra-
diation to heat transfer in the layer to remain sub-
stantial even at high Rayleigh numbers. The assump-
tion of a constant eddy thermal diffusivity in the layer
especially in the wall region by Anderson [2] was
clearly shown to underestimate the internal radiation
effect in highly turbulent flow regime. Most recently
Chawla et al. [5] performed a numerical study of the
same problem using again Cheung’s model 4] to
describe the eddy heat flux but with an exact integral
formulation for the radiation flux. The governing
equations were solved by the method of collocation
with piecewise polynomials as approximating func-
tions to obtain the local temperature and surface heat
transfer. Over the range of Rayleigh numbers con-
sidered (10'°-10'%), the radiation mode was de-
monstrated to be as important in heat transfer in the
uranium-oxide layer as the turbulent thermal con-
vection mode.

One of the characteristic features of turbulent
thermal convection is the existence of a thin thermal
boundary layer in the wall region, beyond which the
variation in temperature is negligible. This boundary
layer phenomenon, and other observations, have led
some investigators [6, 7] to seek similarities between
heat source-driven and Rayleigh-Bénard convection.
However, with the effect of internal radiation, the
boundary layer-dominant aspect may be strongly
modified. The long range interaction of radiation tends
to increase considerably the thickness of the thermal
boundary layer. For forced convection flow, the
radiative interactions in boundary layers have been
discussed by many authors, such as Cess [ 8], Viskanta
[9], Sparrow and Cess [10], Sibulkin and Dennar [11]
and Venkateshan and Prasad [12]. For thermal
convection flow, radiation effect on the boundary layer
behavior is not known. In this paper, an approximate
method based upon the boundary layer phenome-
nology is developed to study combined radiation and
turbulent convection in a horizontal, heat generating
fluid layer. Closed form expressions are derived for the
boundary layer thickness and surface heat flux as
functions of Rayleigh number and other parameters
characterizing the nature of thermal radiation. The
conditions for which the boundary layer approxi-
mation ceases to apply are discussed. Comparison of
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some of the present results are made with the numeri-
cal solution obtained by Chawla et al. [5].

2. THE GOVERNING EQUATIONS

We are concerned here with the upward heat
transfer in a horizontal heat-generating fluid layer at
high temperatures such as of interest to postaccident
heat removal studies [5, 13]. The layer is assumed to be
infinite in the horizontal extent and confined between a
rigid, isothermal upper wall and a rigid, adiabatic
lower wall. Both turbulent thermal convection and
internal thermal radiation are considered to be impor-
tant to heat transfer in thelayer. The volumetric energy
sources are assumed to be spatially uniform and time
invariant so that the heat transfer process is statisti-
cally steady and one-dimensional. Furthermore, the
fluid is assumed to be a gray medium with constant
properties except density variation in the buoyancy
force. Using the Boussinesq approximation, the
governing equations are:

@/0t —aVHT = — (n-V)T
+ 8/paC, — (0oCp) 'V - qg, (1)
(@/8t —wWha = ~ (u-Via — p5 'VP + kgfT, )
V-ou=0, 3)
where u is the velocity vector, T the temperature, P the
pressure, p, the mean density, S the volumetric rate of
heat generation, C, the specific heat, « the thermal
diffusivity, v the kinematic viscosity, g the gravitational
acceleration, § the isobaric coefficient of thermal
expansion, k the unit vector in the vertical, and g the

radiation flux. Decomposing the dependent variables
into the mean and fluctuating parts, i.e.

T=T+6, T=T(), §=u=0, 4)

where z is the vertical coordinate measured upward
from the lower surface and the bar denotes ensemble or
horizontal average, the governing equations become

ad?T/dz? = dw/dz — ® + (9,C,) "'V "qr, (5)
(@fot —aV¥9 = —wdT/dz — [(@- V)0 — (u- V)0 ]

~(poCp) [V qr— V-gz], (6)
(@/0t — vV = —(u-Viu — pg 'Vp + kgpé, N
wherep = P — P — p,w? is the fluctuating pressure, w
the velocity component in the vertical direction, and ®

= $/psC, For a parallel-plate geometry, the diver-
gence of radiation flux may be expressed by

V- qg = 4koT* — 2k T§E (xz) + T1E, (kL — k2)]

2 L @ x
. J. J f oT*(r)
T Jo - —an

exp{—xlr—r}. ., ., .,
x—~(7—:’—’;—)2——1—dxdydz, (8)
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where x is the absorption coefficient, ¢ the
Stefan—Boltzmann constant, L the layer depth, T,, T,
the lower and upper wall temperatures, respectively, r
the location of the fluid c¢lement in question, ' the
location of the surrounding elements, and E; the ith
exponential integral. Averaging we have

V- gg = 4x6T* — 2k0[T$E,(xk2) + THE,(xL — xz)]
L
- %o J THWE (|xz ~ xu|)dy, o)
0

and

_ 4 2 L (o @
V~qR—V-qR=16xaT39—LJ '[ j
n 0 ~—0 J —®

exp(—xk|r —r|)
r—ry
where the higher order terms involving 8/T have been

neglected. This is equivalent to assume AT/T « 1,
which is consistent with the Boussinesq approxi-

aT?0 dx'dy' dz’, (10)

mation. Equations (5) and (6) now become,
respectively,
ad*T/dz? = dwB/dz — @ + ——

pOCp

x {47“‘ — 2[T3E,(xz) + THE; (kL — k2)]

L
—2xf T“(u)E,(|xz—xu|)du}, an

0

and
(0/0t —av3)0 = —wdT/dz

Ko

*[(U'V)O—(H'V)G]—p

OCp
_ 4 L © ] _
x {16T30 - —"J J f 739
T 0 Jv—© J-ax

exp(—«k|r—r})

R dx’' dy’ dz’}. (12)

With radiative interactions in the turbulently convect-
ing fluid, equations (7), (11), and (12) constitute a basic
system of equations governing the motion of the layer.

3. ANALYSIS

The principal goal is to predict heat transfer
coefficient at the upper surface as a function of various

* Note that for extreme values of Pr, the thermal and the
hydrodynamic boundary layers at the upper surface are likely
to have different thickness, indicating the possibility of a
rather weak correlation between wand 8 [1]. Fortunately, the
value of Pr for molten UQ, is about 0.86, so that the present
results may be directly applied to the studies of core-melt heat
transfer [13].

+ Since we have restricted ourselves to the case in which the
boundary layer is very thin compared to the layer as a whole,
the total error involved in this approach is very small, i.e. of
order &/L. This argument will be further examined based
upon the analytical resuits achieved.
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controlling parameters. Here the Nusselt number is
defined by:

Nu = ®L?/aAT, (13)

where the upper surface heat flux, ®L, is a known
quantity in the present problem, the unknown being
the induced surface-to-surface temperature difference
AT. Dimensional considerations of the governing
equations indicate that the Nusselt number is a
function of the Prandtl number, Pr = v/a, of the fluid,
the Rayleigh number,

Ra = gp®L3/2a%, (14)

of the layer defined in terms of the volumetric rate of
heating, the optical thickness, kL, the surface tempera-
ture ratio T/ Ty, and the conduction-radiation coupl-
ing parameter,

N = ix/4a T3, (15)

where A is the molecular thermal conductivity of the
layer. In this study, we shall restrict ourselves to
situations in which (i) the Rayleigh number is
sufficiently high for turbulent flow to prevail, (i) the
Prandtl number is moderate* for the existence of a
single (thermal and hydrodynamic) molecular boun-
dary layer at the wall [1, 14], and (iii) the temperature
ratio To/T, is of order unity for AT/T « 1. The
corresponding lower limit of Ra shall be determined
for different radiation conditions. Equation (11) may
be integrated once from the bottom surface to an
arbitrary location z using the boundary conditions

wB(0) = dT/dz|, -0 = 0, (16)

to yield

@Oz = —adT/dz+wl +

i { f " PHE ez — )y
poC

o%“p 0

1t
~3 [} Tt = el

o

Té[1
— Ey(kp)}du - 2—:[5 - Ea('cz)]

4
— Z_;[Ea(KL — Kz) ~ E3(xL)]}, an
where the last term on the RHS of equation (17) is
equivalent to the difference in mean radiation flux,
gr(2) — Gr(0). Clearly, the local heat flux, ®z,is the sum
of the conductive, convective, and radiative
components.

a. Boundary layer approximation

In the turbulent flow regime, it has been observed
that insofar as the radiation effects are not overwhelm-
ing, most changes of temperature in the layer occurin a
relatively thin thermal boundary layer region at the
upper wall. Over the body of the layer, the temperature
is almost constant [3-5]. Accordingly, a simplified
temperature profile may be assumed to evaluate the
radiation componentt in equation (17). This is
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Te for0<z<L—6

T(z) =< T, [l + (AT/TI)( I—‘g—zﬂ (18)
for L-d<z<L,

where 8, the thermal boundary layer thickness, is an
unknown and must be determined in the course of the
analysis. In writing equation (18), we have assumed
8/L « 1, which, as will be demonstrated later, isa valid
approximation at sufficiently high Rayleigh number.
By raising the above expression for T to the fourth
power and simplifying according to the fact that for (L
-z} ~ &,

(AT/TI)(fw(}Z-) «1, (19)

we obtain

T for0sz<L—6

_ L—z
THz) =< T {1 + (4MAT/T,)< 3 )]

for L-d<z<L, 20)

where M is a modified surface temperature ratio given
by
M = ‘[1 + (To/ T+ (To/ Ty )

+(To/Ty)*]. (21)

Equanon (20), which involves an error of the order
(AT/T,)?, satisfies the temperature continuity con-
ditionatz = L — 4.

We may now investigate heat transport in the
thermal boundary layer. Here, conduction and ra-
diation are considered to dominate, so that the term
w@ in equation (17) may be neglected as the first
approximation. Incorporating equation (20) into the
radiation terms in equation (17) and carrying out the
integrations, we obtain, after some manipulation,*

@z = —adT/dz + QM/N)(@AT/)
X {2/3 — Ej(kL—kz) — E [z —x(
— EJx(L—38)} + EqxL)}.

Integration of the above equation once again over the
boundary layer region using the approximate con-
ditions, T(L) = T, and T(L — &) = T,, yields a
relation between the Nusselt number and the boun-
dary layer thickness:

K(L—5)]
(22)

Nu = (§/L)~! {1 + 2—~A{[2/3 - ~2-(1/4 — E4(x9))
N Ko

— E4(k(L —8)) + EAKL)}}, (23)

* Clearly, with radiation effects in the layer the temperature
profile is highly nonlinear in the é region, as indicated by
equation (22). However, equation (20) can still be a reason-
able approximation provided that the condition §/L « 1is
met under various radiation conditions.
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where the high order terms involving §/L have been
neglected. Obviously, an independent expression for
the unknown boundary layer thickness is needed to
determine the value of Nu. This is to be obtained by
considerations of the fluctuating turbulence equations,
(7) and (12).

For L — ¢ < z < L, we may assume a balance
between the viscous force and buoyancy in equation
(7). This gives

[vV2ul ~ [gB] or v(w>;/8% ~ gB(O>; (24)
where { >; denotes the rms value of the turbulence
quantities in the J region. In writing equation (24), we
have assumed that the viscous boundary layer thick-
ness is of the same order of the thermal boundary layer
4, which is probably true for moderate Prandt] num-
ber. In addition, we may assume that the conduction

and radiation terms are of the same order as the
production term in equation (12). This leads to

[aV?8| + C,Qr ~ |wdT/dz|

or all>4/8% + C1Qr ~ (w)AT/S, (25)

where C, is a proportionality constant and Qj is the
magnitude of the radiation term given by

Jure- =[]

exp( klr=r'})
r—r)

The above expression may be simplified by assuming
an average value for T30 and performing the in-
tegration. This gives

f f 739“"( klr icbc "y dz'

[T
0 —a J =

L
= 2n< T3> J' Ey(|kz —kz'|)dz’
o

Q R

pOCp

dx'dy'dz'l. (26)

exp(—klr—r')

s —=dx’ dy' dz’

= 20 T*0>x " [2— E,(kz) — Ep(kL—x2)]. (27)
Equation (26) may thus be approximated by
K _
Or =~ :; I8¢ T20Y[E, (k) + Ex(xL—x2)]|, (28

oM p

where the terms involving 16{73@)> have been pro-
perly cancelled. Mathematically, Qg is the magnitude
of the divergence of a gradient, as can be seen from
equation (25). To estimate the value of Qp in the ¢
region, we may simply integrate the RHS of equation
(28) twice and average over the entire boundary layer,
ie.

8
Ox =5 p"g ﬁ (T0)[Ey(x2)

+ Ey{xkL — kz'Y]dz' dz. (29}
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Using an average value for (T30}, we obtain

8ke 1
Or= EC_,, W{lﬂ — E4(xd)
+ E4(kL) — E4[x(L — 8]} T3.<0>5 (30)

In view of equation (20), we have T3, = MT}.

Equation (25) becomes

o M}
poC, (x6)
—E4[x(L—8)]}<0>5 ~ {w>,AT/3, (31)

where an additional constant may be absorbed in C,
to ensure a correct choice of T,,. Equations (24) and
(31) lead to

(8/L)~* = C3® Ra'3*{1 + 2C,M/N)
x [1/3 — E4(18) + E4(xL)
= E4(i(L — 8))]} 72 Nu™15, (32)

where C, is a proportionality constant* and the 4/3
power is chosen for convenience. The Nusselt number
may now be determined by combination of equations
(23) and (32). This gives

Nu = CzRa”"{l + (2C,M/N)[1/3 — E4(x)
+ E4(xL) — Eq(L — )]} 7'
x {1+ (2M/N)[2/3 —2x"*(1/4 - E4(x))
~ E4(kL = x) + E4(kL)]}*",

a(0>4/8* + C, {1/3—E4(xé)+ E4(xL)

(33)
where y = xd is given implicitly by
1 = C7 ' Ra~"(xL){1 + 2C,M/N)

[1/3 — E4(x) + Ea(xL) — Eo(xL — )]}

x {1 +(2M/N)[2/3 - 237 '(1/4 ~ E4(x))

— Eo(kL ~ 1) + E4(kcL)]} ', (34)
Thus, Nu is a function of Ra, kL, M and N. Once x is
known, the thermal boundary layer thickness can be
calculated by the simple relation §/L = (xL)™'%.
Before proceeding to numerical solution, however, the
two unknown constants C; and C, have to be
determined. Also, the validity of equation (30) and thus

(32) requires further justification to substantiate the
foregoing physical and mathematical arguments.

b. Comparison of some special cases
If we set k — oo in equation (33), we may obtain an

*This is true only for the case of moderate Prandtl
numbers,i.e. Pr ~ 1. For very large or very small values of Pr,
C, may be a strong function of Pr. In such cases, care must be
taken in employing the present results. Whether the con-
dition, 6/L « 1, is valid or not depends not only upon the
Rayleigh number, but also upon the Prandtl number.

+ We shall consider the limit in which the boundary layer
itself is optically thick, i.e. y — co. This condition is met if kL
» (8/L)', as will be further discussed in the subsequent
sections.
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expression for the Nusselt number in the optically
thick limit,t ie.

Nu,, = C,Ra'(1 + 2C,M/3N)~1*
x (1 + 4M/3NP*™. (35)

However, for an optically thick medium, a simple
differential approximation may be employed for the
radiation flux [10, 15]. This gives

4 d2T*
Vigr=—— ) 36
EL R W) (36)
and
_— 40 2 473
V“IR—V'QR=-—‘3KV(4T9), (37

where 8/T « 1 has been assumed. Equations (11) and
(12) now become

ad?/dz2[(1 + 40 T%/3/x) T] = dwB/dz — @, (38)
and
80/t — aV2[ (1 + 160 T3/3)x)6]
= —wdT/dz—[(u- V)0 —(-V)9], (39)

respectively. Performing the boundary layer analysis
as done before, equation (38) leads to

Nu,, = (6/L)~1(1 + 4M/3N), (40)

whereas equation (39) leads to
(6/L)~! = C4P Ra'*(1 + 4M/3N)~ 13 Nu 153, (41)
Thus we have

Nu, = C, Ra'*(1 + 4M/3N)1, (42)

where the unknown coefficient is purposely chosen to
be C, for convenience. Comparison of equations (35)
and (42) suggests C; = 2. Note that the simplified
temperature profile of equation (20) has not been used
in the derivation of equations (40) and (41). Here the
factor (1 + 4M/3N)comes directly from integration of
the LHS of equation (38), i.e.

To
J d[(1+40T3/32)T] = AT + (4o/32)(T4 = T%)

T

= AT(1 +4M/3N), 43)

where M is given by equation (21). The proper
behavior of equation (33) in the optically thick limit
clearly supports the various arguments employed in
the approximate analysis. In particular, this indicates
that equation (30) is an adequate expression for Q in
equation (25). From equation (39), the ratio of the
magnitudes of the radiation and conduction terms is
obviously equal to

R = 166T2,/3/x, (44)
where the average temperature, T,,, has a value
between T, and T,. If we set k — oo in equation (30)
and take C, = 2 in equation (25), we have
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Ci@r — 2(8KU/Pon)('€5)d2(Tasv<92ﬁ -R
o(8),/6° a(8,/8? o

(45)
which demonstrates the self-consistency of the
analysis.

Another asymptotic case may be obtained if we set
N — oo in equation (33), corresponding to the case of

negligible radiation effect. This gives

Nuy, = C, Ra'’®, (46)

which in essence is the asymptotic law of heat trans-
port in the absence of internal radiation. The above
relation is valid only for very high Rayleigh number
flows. At lower Rayleigh numbers, a modified relation
has been obtained by Cheung [1]:

0.206 Ra'/*

Nug = ———084
Y= 1 _0847Ra 112

47
However, as Ra — oo, we have Nu, — 0.206 Ra'’*.
This suggests a choice of C, = 0.206. Nevertheless,
significant deviation from equation (46) may arise if Ra
is not sufficiently high, as implied by equation (47).
Since the radiation effect tends to thicken the thermal
boundary layer, the use of equation (33) at lower
Rayleigh numbers may result in even more severe
error. Obviously, under certain conditions, the con-
vective component, wf, may not be too small to be
neglected in the & region, especially when strong
radiative interaction is present.

c. Correction for higher order effect

To account for the secondary enhancement in heat
transfer by the relatively weak thermal mixing in the §
region, the eddy heat transport model of Cheung [4] is
employed to improve upon the expression of equation
(22). From [4], we have

= 0051 [g———ﬂ( T- T‘)L?’]w[i <1 - i)T
oy L L

(48)
Using the simplified temperature profile of equation
(18), we have, for L — 6 < z < L,

Wl = C(AT/8)[0.051(gBATL3 fav)-"
x (3/L)~°*(1 — z/L)>®7], (49)

wh
—adT/dz

where C; is a proportionality constant and where we
have assumed (z/L)* = 1 — O(§/L) ~ 1. Equation (22)
now becomes

@z = —adT/dz + C3(«AT/5)][0.051
X (gBATL/av)87 (8/L)**7(1 = z/Ly*"]
+ 2M/N)(®AT/5){2/3 — Eq(xL — z)
— E [xz — k(L -9)]
— E4[x(L — 6)] + E4(xL)},
which, upon integration, yields

Nu = (3/L)"*{1 + 0.019C;(Ra/Nu)°-%’

(59)
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X (§/L)° + @M/N)[2/3 — (2/x8)(1/4 — Es(x5))
— Eq(k(L — 8)) + Ey(kL)]}. (51)

In obtaining the above equation, the higher order
terms involving §/L have been neglected. Equations
(32) and (51), when combined, lead to an implicit
expression for the Nusselt number:

Nu = CyRa""™*{1 + (2C,M/N)[1/3 — E,(x) + E4(xL)
— Ey(kL — )]}~ 14{1 + 0.019(C,/C%)
x {1 4+ (2C, M/N)[1/3 — E4(x) + E4(xL)
— Ey(kL ~ x)]}(Ra/Nu)=*13 + (2M/N)
x[2/3 — 2y~ '[1/4 = Es(x)]
— E4(kL — x) + Ea(xL)]}**,
where y = k4 is again given implicitly by
2= C3'Ra™ " (xL)}{1 + 2C;M/N)[1/3 = E4(x)
+ E4(kL) — Eg(xL — )]} V*(1 + 0.019(C5/C%)
x {1+ (2C;M/N)[1/3 — E4(x) + E4(xL)
— Eq(kL — x)]}(Ra/Nu)=13 + (2M/N)
x {2/3 -2y~ [1/4 — Es(x)]
— E4(kL — ) + E4(xL)})'™.

(52)

(53)

As before, the constants C, and C, can be determined
by considerations of the limiting behavior of Nu.
Comparison with the case of kL — o0, we obtain C; =
2, whereas with the case of N — o0 and Ra — o0, we
have C, = 0.206. To determine C,, we may consider
the case in which N approaches infinity but not Ra.
From equation (52), we get, for the purely turbulent
thermal convection case,

Nug = 0.206 Ra'™[1 + 10.61C,
x (Ra/Nug)~ 03], (54)

Using the water data (3 < Pr < 6) of Kulacki and
Emara [16], the constant is found to be C; = 0.210. A
plot of Ra'*/Nu, vs. Ra is shown in Fig. 1, with the
solid line representing the theoretical curve of equa-

Ln (Ro'/4/Nuo)

1 ]

10 20 30 40 50
Ln Ra
F1G. 1. Ra'™*/Nuyvs Rafor N = x. theoretical curve

of equation (54); — — — prediction by Cheung [1]; O data
of Kulacki and Emara [16].
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tion (54); the dashed line representing that of equation
(47), and the data points from the heat transfer
measurements of Kulacki and Emara. In view of the
wide range of Ra covered, the various sets of results are
considered to agree satisfactorily among themselves.
Note that the scatter of the data is artifically amplified
in the Ra'*/Nu,—Ra plot. If presented in the con-
ventional Nu,—Ra space, the deviation of the data
from the theoretical curves would only be of few
percent over the entire Ra range, and the correlation
would appear to be almost perfect. Also, the small
difference between the two theoretical curves as ap-
pears in the lower left hand corner of the figure would
not be even detected if plotted in the conventional
Nug—Ra scale. For large values of Ra, equations {47)
and (54), which are semi-empirically based, i.e. rely
on existing measurements and the boundary layer
assumptions, may be approximated by

Nuy = 0206 Ra'/*(1 + 0.847Ra™'*2),  (55)

and

Nu, = 0.206 RﬂX/4[1 + 1.671(Ra/Nu0)"°"3],
(56)

respectively, by simply expanding the original
expressions asymptotically. As can be seen from Fig, 1,
the two expressions are practically the same although
they were derived from two entirely different ap-
proaches (that of Cheung [1] and the one presently
employed). Comparison of equations (46) and (56)
indicates that at lower Rayleigh numbers thermal

mixing by wf in the d region may be responsible for the
deviation of Nu, from the asymptotic behavior.

Equations (33) and (34), which may be obtained
directly from equations (52) and (53) by neglecting
those terms involving (Ra/Nu)~ %13, represent the
asymptotic law of heat transport in the presence of
internal thermal radiation. For a given setof Ra, kL, M
and N, these equations may be solved numerically by a
standard nonlinear subroutine solver available in any
computing laboratory. The value of Nu so obtained
may then be used as an initial trial value for the
solution of equations (52) and (53).
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4. RESULTS AND DISCUSSION

Although the present analysis has resulted in four
independent controlling parameters, only three of
them need to be considered. These are the Rayleigh
number, Ra, the optical thickness, kL, and the
conduction~radiation coupling parameter, N. As can
be seen in equations (52) and (53), the parameter M
always appears with N as a group, i.e. 2M/N. Since we
have required AT/T to be small in this study, the
variation of M is limited to values close to unity.
Consequently, the effect of M may easily be absorbed
in N. Throughout the present calculation, a constant
value of M = 1.34, corresponding to a surface
temperature ratio of T,/T, = 1.2, is assumed. Physi-
cally, this represents the maximum temperature ratio
which is possible to attain in a molten uranium-oxide
[20].

In Fig. 2, a plot of Nu vs. Rais presented for N = 0.4,
kL = 1000 and 1 x 10® < Ra < 1 x 10*3 These
values of parameters are chosen since they are typical
of those encountered in many practical applications
such as nuclear reactor safety studies. The prediction
of equation (52) is given by the solid line whereas that
of equation (33) by the dashed line. At lower Rayleigh
numbers, there is indeed considerable difference be-
tween the two predicted behaviour of Nu. However, as
Ra increases, the difference becomes smaller, and
eventually vanishes for Ra > 1 x 10'° (not shown in

the figure), indicating a negligibie effect of w8 inside the
thermal boundary layer beyond this Rayleigh number.
The numerical results of Chawla et al. [5] are given by
the dotted circles. While in the present analysis, the
eddy heat transport model of Cheung [4] was em-
ployed only in the & region to account for the
secondary convective effect, it was employed in the
study of Chawla er al. to determine the temperature
field and thus the heat transfer in the layer as a whole.
The excellent agreement between the two sets of
predicted results as shown in the figure strongly
recommends that both approaches are physically
sound and valid. In the absence of thermal radiation,
the purely turbulent thermal convection case which is
also shown in Fig. 2 represents the lower limit of Nu.
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FiG.2. Nuvs Rafor N = 0.4 and kL = 1000. theoretical curve of equation (52} ; — —— theoretical
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Contrary to the finding of Anderson [2] that con-
cludes a diminishing effect of radiation at high Ray-
leigh numbers, here the radiation effect on heat
transfer is found to be as important at high Ra as that
at low Ra.

Figures 3 and 4 display the effects of optical
thickness and conduction-radiation coupling para-
meter on the variation of Nu with Ra, respectively. For
a given value of N = 0.4, the rate of heat transfer is
found to increase with the optical thickness in the
range of 1 < kL < 1000, as can be seen in Fig. 3.
However, for kL < 1and kL > 1000, Nu is found to be
almost independent of kL except at rather low (i.e. 1 x
10%) or high Ra (i.e. 1 x 10'3). To explain this, we have
to further examine equation (52). Since we have §/L «
1 in the turbulent regime, the following can be a good
approximation:

E4(kL) — Eq(kL — y) = Eq{xL)
— E,[kL(1 — é/L)] = O(S/L).
Equation (52) thus reduces to
Nu = 0.206Ra'"*{1 + (4M/N)[1/3
— E,(0)]} ~'"*{1 +2.228[1 + (4M/N)

(57

x [1/3 — E{(0)](Ra/Nu)= 1
+ (2M/N)(2/3 — 2x™'1(1/4 — Es(0)]}**, (58)

which shows a dependence of Nu upon y but not
directly upon L. Physically, it is the optical thickness
of the thermal boundary layer that assumes the role of
thermal radiation, not the optical thickness of the layer
itself. This result is quite reasonable since most of the
change in temperature occurs in the é region. The effect
of kL is merely to modify the value of ¥, as given by
equation (53). Now let us return to Fig. 3. As to be
discussed later, the value of 6/L for N = 0.4 is of the
order of 0.03. Hence for kL. < 1 or ¥ < 0.03, the
boundary layer is optically thin ; and for kL. > 1000 or
x > 30 it is optically thick (in practical sense). As a
result, marked effect of kL can be seen only in the range
of 1 < kL < 1000 corresponding to 0.03 < y < 30.
For Ra > 10'3, however, we have §/L < 003 or y <
30, so that the boundary layer is still not optically thick
enough for the effect of xL to vanish even at kL~
1000. Similar argument may be applied to the lower
ends of Ra and kL. For kL = 100, corresponding to ¥
~ 1, the effect of N on surface heat transfer is shown in
Fig. 4. Relative to that of L, the effect of N is found to
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FIG. 5. Nu vs N for Ra = 1 x 10'?: (i) kL = 0.1; (ii) kL = 1; (iii) kL = 10; (iv) kL = 100;

(v) kL = 1000.

be much larger. Thus for large values of kL, N may be
considered as the principal radiation parameter of the
problem [3]. For N > 1, the radiation effect is only
moderate on Nu, and decreases slightly as Ra is
increased. Beyond N 10 or 100, the effect is
practically zero. On the other hand, for N < 1, the
effectis always important, regardless of the value of Ra.
The radiation mode is in fact a dominating one for N
< 0.1, where Nu is found to vary roughly as N~ '/,

In Fig. 5, the variation of Nu with N is presented for
different kL, while keeping the value of Ra constant at
1 x 10'2. At this Rayleigh number, the radiation effect
is found to be negligible for N > 10 and remain so for
001 < N < 1lifkL < 1. However, as kL is increased
and N decreased, the effect may become overwhelm-
ing. For N > 1, sensible variation of Nu is obtained
over the range of relatively large kL, i.e. 10 < kL <
1000. The Nusselt number becomes sensitive to smal-
ler kL only when N is small. For N < 0.01, Nuisfound
to vary markedly at kL ~ 1 whereas it is almost
independent of kL for kL > 100. In general, the effect
of kL on Nu increases with decreasing N, indicating
the significance of both parameters on the rate of heat
transfer. Note that for small N and large xL cor-

responding to cases with strong radiation effect, the
thermal boundary layer may become too thick for the
present results to remain valid. As shown in Fig. 6, the
requirement of §/L « 1 is met only for reasonable
values of N and «L. If we arbitrarily set the criterion as
d/L < 0.03, the range of applicability of the present
analysis would be limited to the lower region of the
figure. In particular, for kL > 100, we require N >
0.04. Beyond this range, the results obtained are
physically doubtful, as represented by the dashed lines
in Fig. 5. Thus under severe thermal radiation con-
ditions, the boundary layer phenomenon in thermal
convection may not exist even at very high Rayleigh
numbers. This is further illustrated in Fig. 7, which
shows the variation of 6/L with Ra for a number of
selected values of kL and N. In this figure, the effect of
thermal radiation is strongest in case (i), decreasing
gradually with increasing case number, and is weakest
in case (v). For a given value of Ra, the boundary layer
is found to be thicker as radiation effect gets larger.
Conversely, in all cases 6/L is found to decrease
monotonically with increasing Ra. Thus the radiation
and turbulent convection modes tend to counteract
each other. For the boundary layer approximation to
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apply, the Rayleigh number is required to be
sufficiently high so as to induce strong turbulent
mixing in the layer to offset the radiative interaction. If
this is not satisfied, as in case (i), the boundary layer
regime ceases to exist. Fortunately, in many engineer-
ing problems such as postaccident heat removal in
nuclear reactors, N is usually larger than 0.1 and Ra
higher than 1 x 10*!, so that the criteria can easily be
met.

5. CONCLUSION

Thermal radiation has been demonstrated to be a
significant heat transfer mode in heat source-driven
thermal convection at high temperatures. The ra-
diation enhanced heat transfer is found to be as
important at high Rayleigh numbers as that at low
Rayleigh numbers. In general, large radiation effect is
obtained at large optical thickness and small
conduction—radiation coupling parameter. For mo-
derate values of kL. and N, heat transfer is found to be
equally sensitive to changes in both parameters.
However, the Nusselt number is only indirectly de-
pendent upon xL through its dependence on the
optical thickness of the thermal boundary layer.
Consequently, for kL < 1 or kL > 1000, correspond-
ing in general to y < 0.03 or y > 30, respectively, the
boundary layer becomes optically too thin or too thick
for the effect of kL to remain substantial. Marked
variation of Nu with kL is obtained only in the range 1
< kL < 1000. For large values of x, corresponding to
kL > 1000, the effect of radiation is found to be
negligible for N > 10, moderate for N ~ 1, and
dominating for N < 0.1. On the other hand, for small
values of y, corresponding to kL < 1, considerable
radiation effect is obtained only if N < 0.01. Finally, it
has been shown that the present analysis is a valid one
provided that the Rayleigh number is high enough to
sustain a thin thermal boundary layer at the upper

|O” |0|2 |013

Ra

,kL = 100; (iii) N = 0.4, kL = 100; (iv) N = 0.4, kL =
04, kL = 1.

wall. For the case in which the radiation effect is not
overwhelming, ie. N > 0.1, the lower limit of Ra for
the validity of the boundary layer approximation is
found to be roughly equal to 1 x 10!!, which
fortunately is still below or among those values
commonly encountered in many engineering
applications.
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TRANSFERT THERMIQUE RADIATIF DANS UNE COUCHE DE
FLUIDE TURBULENTE GENERATRICE DE CHALEUR

Résumé—On étude théoriquement le probléme couplé du rayonnement et de la convection naturelle
turbulente dans un milieu de fluide gris horizontal, chauffé dans sa masse, limité au dessus par une paroi
rigide et isotherme, au dessous par une paroi rigide et adiabatique. Une méthode basée sur I'approche de la
couche limite est utilisée pour obtenir I'influence, sur le transfert thermique & la paroi supérieure, des
paramétres principaux du probléme qui, pour des nombres de Prandtl modérés, sont le nombre de Rayleigh
Ra, I'épaisseur optique kL et le paramétre de couplage entre conduction et rayonnement N. On obtient aussi
le comportement de la couche limite thermique sur la paroi supérieure. Pour kL grand, la contribution du
rayonnement thermique dans le transfert thermique est négligeable pour N > 10, modérée pour N ~ 1 et
assez forte pour N < 0,1. Néanmoins, aux faibles valeurs de xL, le rayonnement thermique est important
seulement si N < 0,01. Tandis qu'un niveau de turbulence élevé s’accompagne d'une couche limite plus
mince, un effet important du rayonnement accompagne une couche plus épaisse. En présence d’un
rayonnement thermique important, une plus grande valeur de Ra est nécessaire pour valider 'approche
choisie. Dans des conditions sévéres de rayonnement, il n'y a pas de régime de couche limite, méme a de trés
grand nombres de Rayleigh. Les domaines d’application des résultats présentés sont déterminés et la
méthode d’approche est justifiée. En particulier, la validité de I’analyse est testée dans trois cas extrémes, ceuz
pour lesquels kL. —» o0, N o, et Ra — oc, en comparaison avec la solution numérique.

STRAHLUNGSWARMEAUSTAUSCH IN EINER TURBULENT STROMENDEN
FLUSSIGKEITSSCHICHT MIT INNEREN WARMEQUELLEN

Zusammenfassung—Das gekoppelte Problem des Warmeaustausches durch Strahlung und freie Konvek-
tion mit turbulenter Grenzschicht in einer volumetrisch beheizten, horizontalen und als grau anzusehenden
Fliissigkeitsschicht wird analytisch untersucht. Die Fliissigkeit wird oben durch eine feste isotherme Wand
und unten durch eine feste adiabate Wand begrenzt. Es wird eine Ndherungsmethode verwendet, die auf der
Losung der Grenzschichtgleichungen beruht, um den EinfluB der wichtigsten Problemparameter auf die
Wairmeiibertragung an die obere Wand zu erkennen. Fiir médBige Prandtl-Zahlen sind dies die Rayleigh-Zahl
Ra, die optische Dicke xL und der Kopplungsparameter N zwischen Wirmeleitung und -strahlung. Ebenso
wird in dieser Untersuchung das Verhalten der thermischen Grenzschicht an der oberen Wand betrachtet.
Bei groBem xL ist der Anteil der Wirmestrahlung an der Wirmeiibertragung in der Fliissigkeitsschicht fiir
N > 10 vernachldssigbar, fiir N ~ 1 mittel und fiir N < 0.1 sehr groB. Jedoch ist bei kleinem xL die
Wairmestrahlung nur fiir N < 0.01 von Bedeutung. Da ein hoherer Turbulenzgrad eine diinnere Grenz-
schicht verursacht, ergibt sich ein groBerer EinfluB der Strahlung in einer dickeren Grenzschicht. Somit ist bei
einer starken Wirmestrahlung eine viel groBere Rayleigh-Zahl Ra erforderlich, damit die Losung der
Grenzschichtgleichung giiltig bleibt. Unter starken Strahlungsbedingungen zeigt sich, daB selbst bei sehr
groBen Rayleigh-Zahlen kein Gebiet mit Grenzschichtstromung existiert. Entsprechend wird der Anwen-
dungsbereich der vorliegenden Ergebnisse festgelegt und die Berechtigung der Niherungsmethode
begriindet. Insbesondere wird die Giiltigkeit der vorliegenden Analyse fiir drei Grenzfille, kL — 0, N - o
und Ra — o iiberpriift und ferner durch den Vergleich mit der numerischen L3sung bestiitigt.

JIVUHUCTBIA TETUIONEPEHOC B TYPBYJIEHTHOM, TEHEPUPOBAHHOM HATPEBOM,
CJIOE XUAKOCTH

Anvoraums — INpoBeeHO aHAIMTHYECKOE MCCIENOBAHHE JIYYHCTOrO nepeHoca H TypOyJleHTHO# ecTe-
CTBEHHOH KOHBEKLMH B HAIPEBAEMOM IOPH3OHTAJIbHOM 0GbeMe Cepoli Cpelbi, OTPaHMYEHHOM CBEDPXY
KECTKOH H3O0TEPMHHYECKOH, a CHM3y XecTkod aauabatHueckoil cTeHkamu. [Insi nosydueHus 3aBHCH-
MOCTH BEJIHYHHAI TEMJIOBOrO MOTOKA HA BEPXHEH CTEHKE OT OCHOBHBIX NaPaMETPOB 3aJauH, KOTOPbIMH
MPH YMEPCHHBIX 3HaueHMsX yncna [lpanntis sBasiorcs uucio Penes Ra, ontHyeckas ToimmuHa kL
H NMapaMeTp B3aHMOMCHCTBHA TEIJIONPOBOAHOCTH C H3jlydeHHeM N, HCMONb30BAH METOM, OCHOBAaHHbIH
Ha NpHOIHKEHHH norpanu4Horo cios. Haiineno, 4o npu GONbLIOM 3HAYEHMH ONTHYECKON TOJILLMHBI
KL nons TenynoBoro MinyueHHs B oOlIeM MOTOKE TemJa B cloe npeHeGpexumo mana npu N >0,
ymependa npH N ~ | ¥ BecbMa 3HauMTenbHa 1upu N < 0,1. OnHako npu HeGONLIIOM 3HayeHHH kL
BKJaJ TEMJIOBOTO HM3JIYYE€HHA BEJIHK TOJbKO NpH N < 0,01. B 1O BpeMsi  kak B MOrpaHU4HOM CJ0€
MeHbLIeH ToNIMHELI HabmonaeTcs 6oJice BBICOKMIT YpOBeHb TYpOYJIEHTHOCTH, B [OTPaHHYHOM ClIO€
6onplueit ToNMUMHB HabGmoaaercs Oosiee CHILHOE BIHAHME HM3JIydeHHs. TakuMm oOpa3oMm, 1Uis TOro
41068 NPHOAHXKEHHE MOTPAaHHYHOIO CJIOA OKa3ajioCh CHPABEMUIMBLIM MPH HAJHYUH HHTEHCHBHOIO
TEMIOBOTO M3JIyYeHHs, TpeOyloTcs ropasno Oosee BBICOKHE 3Ha4eHMs uyMcia Ra. [1pH 3HauHTENbHOM
H3JIy4CHHH PEXHM NOrpaHM4HOrO cijios He Habmopancs maxe npH odeHs Gonbuiux uuciaax Penes.
B cooTBeTCTBHH ¢ 3THM B paboTe onpeneneHbl IPaHHUIbI IPUMEHUMOCTH NOJYYEHHBIX PE3yIbTATOB H
naHo obocHoBanmue npubnmxenHoro Merona. CripaBe/UIHBOCTh MOJY4YEHHBIX PE3yNbLTATOB NpPOBEPEHA
B TPEX NpeneabHBIX cly4asx, kL — o0, N - oo B Ra — ¢, NyT€EM CPaBHEHHA C MHCIECHHBIM pEILEHHEM.



