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Abstract-The coupled problem of radiative transport and turbulent natural convection in a volumetrically 
heated, horizontal gray fluid medium, bounded from above by a rigid, isothermal wall and below by a rigid, 
adiabatic wall, is investigated analytically. An approximate method based upon the boundary layer 
approach is employed to obtain the dependence ofheat transfer at the upper wall on the principal parameters 
of the problem, which, for moderate Prandtl number, are the Rayleigh number, Ra, the optical thickness, tiL, 
and the conduction-radiation coupling parameter, N. Also obtained in this study is the behavior of the 
thermal boundary layer at the upper wall. At large KL, the contribution of thermal radiation to heat transfer 
in the layer is found to be negligible for N > 10, moderate for N - I, and overwhelming for N < 0.1. 
However, at small KL, thermal radiation is found to be important only for N < 0.01. While a higher level of 
turbulence results in a thinner boundary layer, a larger effect of radiation is found to result in a thicker one. 
Thus, in the presence ofstrong thermal radiation, a much larger value of Ru is required for the boundary layer 
approach to remain valid. Under severe radiation conditions, no boundary layer flow regime is found to exist 
even at very high Rayleigh numbers. Accordingly, the ranges of applicability of the present results are 
determined and the approximate method justified. In particular, the validity of the present analysis is tested 
in three limiting cases, i.e. those of tiL -+ X, N -+ X, and Ra --* x, and is further confirmed by comparison 

with the numerical solution 

NOMENCLATURE 

specific heat ; 
ith exponential integral; 
acceleration due to gravity; 
layer depth ; 
temperature ratio, equation (21); 
conduction-radiation coupling 
parameter; 
Nusselt number ; 
Nusselt number for the purely turbulent 
convection case; 
pressure; 
Prandtl number; 
radiation flux ; 
Rayleigh number ; 
volumetric heat generation rate; 
time ; 
mean temperature; 
temperature drop across the layer ; 
velocity ; 
vertical component of velocity; 
vertical coordinate. 

Greek symbols 

8, isobaric coefficient of thermal expansion ; 
6, boundary layer thickness ; 

PO* density ; 

* Present address: Department of Mechanical Engineer- 
ing, The University of Wisconsin-Milwauk~, Milwaukee, 
Wisconsin 53201, U.S.A. 

4 thermal diffusivity; 

v, kinematic viscosity ; 
2 ‘, thermal conductivity; 

0, Stefan-Boltzmann constant; 

K, absorption coefficient ; 
8, fluctuating temperature. 

Subscripts 

0, lower surface ; 
1, upper surface; 

optically thick ; 
boundary layer. 

1. INTRODUCTION 

TURBULENT thermal convection in a horizontal fluid 
layer heated internally at high Rayleigh numbers [l] 
has in recent years received considerable interest 
owing to its technological and geophysical 
applications. So far, most theoretical and experimental 
investigations have been concerned with turbulent 
convection in low-temperature heat-generating fluid 
media. However, in many engineering problems such 
as the cooling of nuclear reactor core-melts, the fluid 
media in question are at high temperatures, usually of 
several thousand degree K. In such cases, the effect of 
internal thermal radiation can be quite significant on 
heat transport in the fluid layer and therefore requires 
proper considerations. 

Very few studies have been made of radiative heat 
transfer in a volumetrically heated fluid layer, in spite 
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of its practical importance. Anderson [2] employed 
the Rosseland diffusion approximation and radiative 
slip boundary conditions to obtain the radiant heat 
transfer in a horizontal molten uranium-oxide layer. 
Using empirically determined constant values for the 
apparent convective thermal diffusivity he found that 
heat transfer in the layer was enhanced markedly by 
radiation at moderate Rayleigh numbers. However, at 
high Rayleigh numbers, radiant heat loss appeared to 
be relatively small compared to the convective heat 
loss. Later, Cho et al. [3] employed the eddy heat 
transport model of Cheung [4] to account for the local 
variation ofeddy thermal diffusivity in the layer. When 
combined with the Rosseland diffusion approxi- 
mation, they found the cont~bution of thermal ra- 
diation to heat transfer in the layer to remain sub- 
stantial even at high Rayleigh numbers. The assump 
tion of a constant eddy thermal diffusivity in the layer 
especially in the wall region by Anderson [Z] was 
clearly shown to underestimate the internai radiation 
effect in highly turbulent flow regime. Most recently 
Chawla et al. [5] performed a numerical study of the 
same problem using again Cheung’s model [4] to 
describe the eddy heat flux but with an exact integral 
formulation for the radiation flux. The governing 
equations were solved by the method of collocation 
with piecewise polynomjals as approximating func- 
tions to obtain the local temperature and surface heat 
transfer. Over the range of Rayleigh numbers con- 
sidered (10’“-10’4), the radiation mode was de- 
monstrated to be as important in heat transfer in the 
uranium-oxide layer as the turbulent thermal con- 
vection mode. 

One of the characteristic features of turbulent 
thermal convection is the existence of a thin thermal 
boundary layer in the wall region, beyond which the 
variation in temperature is negligible. This boundary 
layer phenomenon, and other observations, have led 
some investigators [6,7] to seek similarities between 
heat source-driven and Rayleigh-B~nard convection. 
However, with the effect of internal radiation, the 
boundary layer-dominant aspect may be strongly 
modified. The long range interaction of radiation tends 
to increase considerably the thickness of the thermal 
boundary layer. For forced convection flow, the 
radiative interactions in boundary layers have been 
discussed by many authors, such as Cess [S], Viskanta 
[9], Sparrow and Cess [lo], Sibulkin and Dennar [ 1 l] 
and Venkateshan and Prasad [12]. For thermal 
convection flow, radiation effect on the boundary layer 
behavior is not known. In this paper, an approximate 
method based upon the boundary layer phenome- 
nology is developed to study combined radiation and 
turbulent convection in a horizontal, heat generating 
fluid layer. Closed form expressions are derived for the 
boundary layer thickness and surface heat flux as 
functions of Rayleigh number and other parameters 
characterizing the nature of thermal radiation. The 
conditions for which the boundary layer approxi- 
mation ceases to apply are discussed. Comparison of 

some of the present results are made with the numeri- 
cal solution obtained by Chawla et ut. [5]. 

2. THE GOVERNING EQUATIONS 

We are concerned here with the upward heat 
transfer in a horizontal heat-generating fluid layer at 
high temperatures such as of interest to postaccident 
heat removal studies [5,13]. The layer is assumed to be 
infinite in the horizontal extent and confined between a 
rigid, isothermal upper wall and a rigid, adiabatic 
lower wall. Both turbulent thermal convection and 
internal thermal radiation are considered to be impor- 
tant to heat transfer in the layer. The vohtmetric energy 
sources are assumed to be spatially uniform and time 
invariant so that the heat transfer process is statisti- 
cally steady and one-dimensional. Furthermore, the 
fluid is assumed to be a gray medium with constant 
properties except density variation in the buoyancy 
force. Using the Boussinesq approximation, the 
governing equations are : 

(d/c%-aV2)T= -(U.V)T 

+ s/pOc, - (P&p)-‘v .qR, (1) 

@/i3r - vV’)u = - (II 1 V)u - p; iVP + k&X?-, (21 

v.u=o, (3) 

where u is the velocity vector, T the temperature, P the 
pressure, p0 the mean density, S the volumetric rate of 
heat generation, C, the specific heat, CI the thermal 
diffusivity, v the kinematic viscosity, 9 the gravitational 
acceleration, fl the isobaric coefficient of thermal 
expansion, k the unit vector in the vertical, and gR the 
radiation flux. Decomposing the dependent variables 
into the mean and fluctuating parts, i.e. 

T = T + 6, T = T(z), i? = w = 0, (4) 

where z is the vertica1 coordinate measured upward 
from the lower surface and the bar denotes ensemble or 
horizontal average, the governing equations become 

ud2F/dz2 = dw8/dz - 4 + (p&J-‘V ‘qR, (5) 

@/‘r?t - czV2)B = -w dT/dz - [(u . V)f? - (u . V)@] 

- (PoCJ’CV ‘q~ - V .q~l, (61 
(a/at - vV’)u = -(u . V)u - p; ‘Vp -I- kg@. (7) 

wherep = P - P - poz is the fluctuating pressure, w 
the velocity component in the vertical direction, and # 
= S/p&. For a parallel-plate geometry, the diver- 
gence of radiation flux may be expressed by 

V ‘qR = ~KuT~ - ~K(T[T&(KZ) f T;t62(KL - KZ)] 

K2 L m 

ss s 

r: 

-- aT4(r’) 
n 0 - m - u, 

X 
exp( -ic(r - r’j) 

(r - ,I)2 
dx’ dy’ dz’, 
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where K is the absorption coefficient, u the 
Stefan-Boltzmann constant, L the layer depth, T,,, T, 
the lower and upper wall temperatures, respectively, r 
the location of the fluid element in question, r’ the 
location of the surrounding elements, and E, the ith 
exponential integral. Averaging we have 

V. qR = 4KaT4 - 2KU[T;E,(KZ) + T;E2(KL - Kz)] 

L 

- 2K2CJ 
s 

T4(&((Kz - K&d& (9) 
0 

and 

4Kz L m m 
V.q,-V.q,=16~aT~@-- 

ss s x 0 -m -m 

X eT3@eXP(-K1r - “l)dx’dy’dz’, (10) 
(r - r’)2 

where the higher order terms involving 6/T have been 
neglected. This is equivalent to assume AT/T << 1, 
which is consistent with the Boussinesq approxi- 
mation. Equations (5) and (6) now become, 
respectively, 

KU 
ad2T/dz2=dw8/dz-#+-- 

x 

{ 

POC, 

4T4 - 2[TtE,(~z) + T~E,(KL - KZ)] 

s 

L 

- 2K T’(!+%(lKz - Kpl)dp 9 (11) 
0 

and 

(a/at - aV2)6 = -w dT/dz 

x exp(-K(r - rl) 
(r - r’)2 

dx’ dy’ dz’ . (12) 

With radiative interactions in the turbulently convect- 
ing fluid, equations (7), (1 l), and (12) constitute a basic 
system of equations governing the motion of the layer. 

3. ANALYSIS 

The principal goal is to predict heat transfer 
coefficient at the upper surface as a function of various 

* Note that for extreme values of Pr, the thermal and the 
hydrodynamic boundary layers at the upper surface are likely 
to have different thickness, indicating the possibility of a 
rather weak correlation between w and 0 [l]. Fortunately, the 
value of Pr for molten U02 is about 0.86, so that the present 
results may be directly applied to the studies ofcore-melt heat 
transfer [13]. 

t Since we have restricted ourselves to the case in which the 
boundary layer is very thin compared to the layer (IS a whole, 
the total error involved in this approach is very small, i.e. of 
order 6/L. This argument will be further examined based 
upon the analytical results achieved. 

controlling parameters. Here the Nusselt number is 
defined by : 

Nu = @L2/aAT, (13) 

where the upper surface heat flux, @L, is a known 
quantity in the present problem, the unknown being 
the induced surface-to-surface temperature difference 
AT. Dimensional considerations of the governing 
equations indicate that the Nusselt number is a 
function of the Prandtl number, Pr = v/a, of the fluid, 
the Rayleigh number, 

Ra = g@DL5/2a2v, (14) 

of the layer defined in terms of the volumetric rate of 
heating, the optical thickness, KL, the surface tempera- 
ture ratio To/T,, and the conduction-radiation coupl- 
ing parameter, 

N = ).K/4aT:, (15) 

where 1. is the molecular thermal conductivity of the 
layer. In this study, we shall restrict ourselves to 
situations in which (i) the Rayleigh number is 
sufficiently high for turbulent flow to prevail, (ii) the 
Prandtl number is moderate* for the existence of a 
single (thermal and hydrodynamic) molecular boun- 
dary layer at the wall [l, 141, and (iii) the temperature 
ratio To/T, is of order unity for AT/T << 1. The 
corresponding lower limit of Ra shall be determined 
for different radiation conditions. Equation (11) may 

be integrated once from the bottom surface to an 
arbitrary location z using the boundary conditions 

to yield 

z(O) = dT/dz(,=, = 0, (16) 

4KO = 
#z= -adT/dz+z+- 

{S POC, 0 
T4(/+%(Kz - K!#p 

1 L -- 
s 2 0 

T4(&[&(1Kp - KzI) 

- E,(Kp)]dp - $f - E,(Kz)] 

- 2 [E,(KL - KZ) - E3(~L)]}, (17) 

where the last term on the RHS of equation (17) is 
equivalent to the difference in mean radiation flux, 
&(z) - qK(O). Clearly, the local heat flux, @z, is the sum 
of the conductive, convective, and radiative 
components. 

a. Boundary layer approximation 
In the turbulent flow regime, it has been observed 

that insofar as the radiation effects are not overwhelm- 
ing, most changes of temperature in the layer occur in a 
relatively thin thermal boundary layer region at the 
upper wall. Over the body of the layer, the temperature 
is almost constant [3-Q Accordingly, a simplified 
temperature profile may be assumed to evaluate the 
radiation componentt in equation (17). This is 
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1 
To for 0 I z < L - 6 

l=(z) = T1 1 +- (AT/T,) y 
i II (18) 

for L - 6 < z c: L, 

where 6, the thermal boundary layer thickness, is an 
unknown and must be determined in the course of the 
analysis. In writing equation (1X), we have assumed 
6/L << 1, which, as will be demonstrated later, is a valid 
approximation at sufficiently high Rayleigh number. 
By raising the above expression for 7 to the fourth 
power and simplifying according to the fact that for (L 
- zl N 6, 

(AT,TI) !“;j’) << 1, 

we obtain 

f 
Tz for 0s.z < L -6 

(19) 

L-z 
1 + (4MAT,‘T,) 6 ! )I 

1 for L - 6 c z 5 L, (20) 

where M is a modified surface temperature ratio given 

by 

M = ;[l + (TiJT,)+ (?“o/Ti)2 + (T,IT,)3]. (21) 

Equation (20), which involves an error of the order 

(AT/T,)‘> satisfies the temperature continuity con- 
dition at z = L - 6. 

We may now investigate heat transport in the 
thermal boundary layer. Here, conduction and ra- 
diation are considered to dominate, so that the term 

w8 in equation (17) may be neglected as the first 
approximation. Incorporating equation (20) into the 
radiation terms in equation (17) and carrying out the 
integrations, we obtain, after some manipulation,* 

CDz = -ct dTJdz + (2M/N)(aAT/d) 

x {2/3 - E,(KL-m) -&[Kz-K(L--6)] 

- E4[K(L-b)] + E4(k’L)). (22) 

Integration of the above equation once again over the 
boundary layer region using the approximate con- 
ditions, T(L) = T, and ‘i’(L - 6) = T,, yields a 
relation between the Nusselt number and the boun- 
dary layer thickness : 

Nu = (6/L)-’ 2/3 - &(1/4 -E&B)) 
-I. 

- E,(x(L - 6)) + E,(d) , (23) 

* Clearly, with radiation effects in the layer the temperature 
profile is highly nonlinear in the 6 region, as indicated by 
equation (22). However, equation (20) can still be a reason- 
abte approximation provided that the condition S/L cc 1 is 
met under various radiation conditions. 

where the high order terms involving 6/L have been 
neglected. Obviously, an independent expression for 
the unknown boundary layer thickness is needed to 
determine the value of Nu. This is to be obtained by 
considerations of the fluctuating turbulence equations, 
(7) and (12). 

For L - 6 < z < L, we may assume a balance 
between the viscous force and buoyancy in equation 
(7). This gives 

/vV*uj N /g@j or r(~>~/sz - ~~{~~~, (24) 

where < >a denotes the rms value of the turbulence 
quantities in the 6 region. In writing equation (24), we 
have assumed that the viscous boundary layer thiek- 
ness is of the same order of the thermal boundary layer 
6, which is probably true for moderate Prandtl num- 
ber. In addition, we may assume that the conduction 
and radiation terms are of the same order as the 
production term in equation (12). This leads to 

lolV’01 + C,Q, N fwdT/dz/ 

or cc(@),,G2 + C,Qs - (w),AT/G, (25) 

where C, is a proportionality constant and QR is the 
magnitude of the radiation term given by 

x exp(-+r’l)dx.dY’dz. 
(r-r’)2 

. (26) 

The above expression may be simplified by assuming 
an average value for T38 and performing the in- 
tegration. This gives 

Ln oc 

i’s s T38exp( --x/r-r’/) 
dx’ dy’ dz’ 

,o -TT --1 (r-r’)* 

exp( ---K/r---Y’/) 

(r -r’)2 
- dx’ dy’ dz’ 

r L 

= 2n( 7=3e> &(jKz-icz’j)dz’ 
0 

= ~~c(~;“B)Jc-‘[~-E,(Kz)-E~(KL-K~)]. (27) 

Equation (26) may thus be approximated by 

where the terms involving 16<F33) have been pro- 
perly cancelled. Mathematically, QR is the magnitude 
of the divergence of a gradient, as can be seen from 
equation (25). To estimate the value of QR in the 6 
region, we may simply integrate the RHS of equation 
(28) twice and average over the entire boundary layer, 
i.e. 

+ &(Kt - Kz’)]dz’ dz. (29) 
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Using an average value for ( T30), we obtain 

8KU 1 
QR =- - { 1/3 - Eq(K6) 

Pot, (Kc)’ 

+ E&L) - E,[K(L - @l)%@), (30) 

In view of equation (20), we have Tzv = MT:. 
Equation (25) becomes 

8~0 MT: 
a<e)ds2 + c, - 2 {l/3 - E.,(K~) + E,(KL) 

PoC, (K6) 

-&[~(L-@l)@)a N (w)JTP, (31) 

where an additional constant may be absorbed in C, 
to ensure a correct choice of Th,. Equations (24) and 
(31) lead to 

(6/L)-’ = C;‘3Ra1’3{1 + (2C,M/N) 

x [l/3 - E,,(K~) + E,(KL) 

- E.,(K(L - a))]} - 1’3 Nw- 113, (32) 

where Cz is a proportionality constant* and the 413 
power is chosen for convenience. The Nusselt number 
may now be determined by combination of equations 
(23) and (32). This gives 

Nu = C,Ra1’4{ 1 + (2Ci M/N)[ l/3 - E4(l) 

+ E*(KL) - E,(KL - x)1}-‘I4 

x (1 + (2M/N)[2/3 - 2x-i(1/4 - E,(X)) 

- E,(KL - x) + J?,(KL)]}~‘~, (33) 

where 2 = ~6 is given implicitly by 

x = C; ’ Ru-“~(KL){ 1 + (ZC,M/N) 

[l/3 - E4M + E4@L) - E4W - x)])“~ 

x { 1 + (2M/N)[2/3 - 2x- ‘(l/4 - E&J) 

- E*(KL -x) + E,(KL)]}“~. (34) 

Thus, Nu is a function of Ra, KL, M and N. Once x is 
known, the thermal boundary layer thickness can be 
calculated by the simple relation 6/L = (uL)-‘x. 
Before proceeding to numerical solution, however, the 
two unknown constants C, and C2 have to be 
determined. Also, the validity of equation (30) and thus 
(32) requires further justification to substantiate the 
foregoing physical and mathematical arguments. 

b. Comparison of some special cases 
If we set K --+ co in equation (33), we may obtain an 

*This is true only for the case of moderate Prandtl 
numbers, i.e. Pr 5 1. For very large or very small values of Pr, 
C2 may be a strong function of Pr. In such cases, care must be 
taken in employing the present results. Whether the con- 
dition, 6/L cc 1, is valid or not depends not only upon the 
Rayleigh number, but also upon the Prandtl number, 

t We shall consider the limit in which the boundary layer 
itselfis optically thick, i.e. x + co. This condition is met if KL 
>> (6/L)-‘, as will be further discussed in the subsequent 
sections. 

expression for the Nusselt number in the optically 
thick limit,? i.e. 

Nu, = CzRa”4(1 + 2C,M/3N)- 1’4 

x (1 + 4M/3N)3’4. (35) 

However, for an optically thick medium, a simple 
differential approximation may be employed for the 
radiation flux [lO,‘lS]. This gives 

4a d2F4 
v.q, = -- - 

3K dz2 ’ 
(36) 

and 

V’qR-v’qK = -$v2(4T36), (37) 

where 0/T << 1 has been assumed. Equations (11) and 
(12) now become 

ad’/dz’[(l + 4a T3/31bK) ?-] = 

F3/%K)e] 

= 

before, equation (38) leads to 

Nu, = (6/L)-‘(1 4M/3N), (40) 

equation (39) leads to 

(6/L)-’ = C;‘3Ra1’3(1 + 4M/3N)-1’3 Nu,“~. (41) 

Thus we have 

Nu, = C, Ru”~(~ + 4M/3N)“‘, (42) 

where the unknown coefficient is purposely chosen to 
be C2 for convenience. Comparison of equations (35) 
and (42) suggests Cl = 2. Note that the simplified 
temperature profile of equation (20) has not been used 
in the derivation of equations (40) and (41). Here the 
factor (1 + 4M/3N) comes directly from integration of 
the LHS of equation (38), i.e. 

s 

TO 
d[(l +4crT3/31.K)T] = AT+(4a/3l,u)(T;- T;) 

TI 

= AT(l + 4M/3N), (43) 

where M is given by equation (21). The proper 
behavior of equation (33) in the optically thick limit 
clearly supports the various arguments employed in 
the approximate analysis. In particular, this indicates 
that equation (30) is an adequate expression for QR in 
equation (25). From equation (39), the ratio of the 
magnitudes of the radiation and conduction terms is 
obviously equal to 

R = 16~rT&/33.~, (44) 

where the average temperature, Ta’.,, has a value 
between To and T,. If we set K --) cc in equation (30) 
and take Cl = 2 in equation (25), we have 
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(45) 
which demonstrates the self-consistency of the 
analysis. 

Another asymptotic case may be obtained if we set 
N -+ 3c, in equation (33), corresponding to the case of 
negligible radiation effect. This gives 

Nu, = C, Ra1’4, (46) 

which in essence is the asymptotic law of heat trans- 
port in the absence of internal radiation. The above 
relation is valid only for very high Rayleigh number 
flows. At lower Rayleigh numbers, a modified relation 
has been obtained by Cheung [l] : 

0.206 Ra’14 
Nuo = 

1 - 0.847 Ra-11’2 
(47) 

However, as Ra + ‘*I, we have NuO -+ 0.206 Ra”4. 
This suggests a choice of C, = 0.206.‘Nevertheless, 
significant deviation from equation (46) may arise if Ra 
is not sufficiently high, as implied by equation (47). 
Since the radiation effect tends to thicken the thermal 
boundary layer, the use of equation (33) at lower 
Rayleigh numbers may result in even more severe 
error. Obviously, under certain conditions, the con- 

vective component, ~0, may not be too small to be 
neglected in the 6 region, especially when strong 
radiative interaction is present. 

c. Correction for higher order effect 
To account for the secondary enhancement in heat 

transfer by the relatively weak thermal mixing in the S 
region, the eddy heat transport model of Cheung [4] is 
employed to improve upon the expression of equation 
(22). From [4], we have 

w8 
- adT/dz 

= 0.051 
YIW-v~JL”]U~*‘[;(l _ ;J] 

(48) 
Using the simplified temperature profile of equation 
(18), we have, for L - 6 < z < L, 

w8 = C3(aAT/6)[0.051(g~ATL3/av)0~87 

x (s/L)-“.*‘(l - z/L)3.8’], (49) 

where C, is a proportionality constant and where we 
have assumed (z/L)~ = 1 - 0(6/L) z 1. Equation (22) 
now becomes 

@z = -adT/dz+ C,(aAT/6)][0.051 

x (gj?A~L3/av)o~87(S/L)-o~87(1 -z/L)~,*‘] 

+ (2M/N)(aAT/6){2/3 - E4(~L - KZ) 

- E4[KZ - K(L - d)] 

- E4[@. - h)] + E4(KL)}, 

which, upon integration, yields 

(W 

FIG. 1. Ra”‘4/Nu0 vs Ra for N = 5. __ theoretical curve 

Nu = (6/L)-’ { 1 + 0.019C3(Ra/N~)0~87 
01 equation (54); -- - prediction by Cheung [l] ; 0 data 

of Kulacki and Emara [16]. 

x (6/L)3 + (2M/N)[2/3 - (2/~6)(1/4 - E5(K6)) 

- E4(K(L - 8) + E,(KL)]}. (51) 

In obtaining the above equation, the higher order 
terms involving 6/L have been neglected. Equations 
(32) and (51), when combined, lead to an implicit 
expression for the Nusselt number : 

Nu = C2Ra1/4{1 + (2C,M/N)[1/3 - E4(x) + E*(KL) 

- E,(KL - x)]} - 1’4{ 1 + O.O19(C,/C;) 

x (1 + (2C, WN)[1/3 - Ed + E,(KL) 

- E,(xL - x)]}(R~/Nu)-‘.‘~ + (2M/N) 

x [2/3 - 2P[l/4 - m)] 

- E,(KL -x) + E,(KL)]}~“, (52) 

where x = KB is again given implicitly by 

x = C,‘Ra-“4(~L)(l + (2C,M/N)[1/3 - E4(x) 

+ E4(KL) - E,(KL - ~)]}“~(l + 0.019(C,/C:) 

X (1 -I- (2CIM/N)[l/3 -&(X) + E&L) 

- E,(KL - x)]}(R~/Nu)-‘.‘~ + (2M/N) 

x 12/3 - 2x- ‘[l/4 - G(X)] 

- E,(KL - X) + E4(KL)})1’4. (53) 

As before, the constants C, and C2 can be determined 
by considerations of the limiting behavior of Nu. 
Comparison with the case of KL -P a~, we obtain C, = 
2, whereas with the case of N -+ co and Ra + co, we 
have C2 = 0.206. To determine CJ, we may consider 
the case in which N approaches infinity but not Ra. 

From equation (52) we get, for the purely turbulent 
thermal convection case, 

Nu, = 0.206 Ra1’4[1 + 10.61 C3 

x (Ra/Nuo)-0.‘3]3’4. (54) 

Using the water data (3 6 Pr 5 6) of Kulacki and 
Emara [16], the constant is found to be C3 = 0.210. A 
plot of Ra114/Nuo vs. Ra is shown in Fig. 1, with the 
solid line representing the theoretical curve of equa- 
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tion (54); the dashed line representing that of equation 
(47), and the data points from the heat transfer 
measurements of Kulacki and Emara. In view of the 
wide range of Rn covered, the various sets of results are 
considered to agree satisfactorily among themselves. 
Note that the scatter of the data is artifically amplified 
in the Ru”~/Nu,-Ru plot. If presented in the con- 
ventional Nu,-Ra space, the deviation of the data 
from the theoretical curves would only be of few 
percent over the entire Ra range, and the correlation 
would appear to be almost perfect. Also, the small 
difference between the two theoretical curves as ap- 
pears in the lower left hand corner of the figure would 
not be even detected if plotted in the conventional 
Nu,-Ra scale. For large values of Ra, equations (47) 
and (54), which are semi-empirically based, i.e. rely 
on existing measurements and the boundary layer 
assumptions, may be approximated by 

Nu, = 0.206 Ru”~(~ + 0.847 Ra-I”‘), (55) 

and 

Nuo = 0.206 Ru’/~[I + 1.671(Ra/N~,)-~~‘~}, 

(56) 

respectively, by simply expanding the original 
expressions asymptotically. As can be seen from Fig. I, 
the two expressions are practically the same although 
they were derived from two entirely different ap- 
proaches (that of Cheung [l] and the one presently 
employed). Comparison of equations (46) and (56) 
indicates that at lower Rayleigh numbers thermal 

mixing by w8 in the 6 region may be responsible for the 
deviation of Nu, from the asymptotic behavior. 

Equations (33) and (34), which may be obtained 
directly from equations (52) and (53) by neglecting 
those terms involving (Ru/Nu)-~~‘~, represent the 
asymptotic law of heat transport in the presence of 
internal thermal radiation. For a given set ofRa, KL, M 
and N, these equations may be solved numerically by a 
standard nonlinear subroutine solver available in any 
computing laboratory. The value of Nu so obtained 
may then be used as an initial trial value for the 
solution of equations (52) and (53). 

4. RESULTS AND DISCUSSION 

Although the present analysis has resulted in four 
independent controlling parameters, only three of 
them need to be considered. These are the Rayleigh 
number, Ra, the optical thickness, KL, and the 
conduction-radiation coupling parameter, N. As can 
be seen in equations (52) and (53), the parameter M 
always appears with N as a group, i.e. 2M/N. Since we 
have required ATIT to be small in this study, the 
variation of M is limited to values close to unity. 
Consequently, the effect of M may easily be absorbed 
in N. Throughout the present calculation, a constant 
value of M = 1.34, corresponding to a surface 
temperature ratio of To/T, = 1.2, is assumed. Physi- 
cally, this represents the maximum temperature ratio 
which is possible to attain in a molten uranium-oxide 

c201. 
In Fig. 2, a plot of Nu vs. Ra is presented for N = 0.4, 

KL = 1000 and 1 x IO* < Ra < 1 x 1013. These 
values of parameters are chosen since they are typical 
of those encountered in many practical applications 
such as nuclear reactor safety studies. The prediction 
of equation (52) is given by the solid line whereas that 
of equation (33) by the dashed line. At lower Rayleigh 
numbers, there is indeed considerable difference be- 
tween the two predicted behaviour of Nu. However, as 
Ra increases, the difference becomes smaller, and 
eventually vanishes for Ra > 1 x 1016 (not shown in 

the figure), indicating a negligible effect ofz inside the 
thermal boundary layer beyond this Rayleigh number. 
The numerical results of Chawla et al. [5] are given by 
the dotted circles. While in the present analysis, the 
eddy heat transport model of Cheung [4] was em- 
ployed only in the 6 region to account for the 
secondary convective effect, it was employed in the 
study of Chawla et af. to determine the temperature 
field and thus the heat transfer in the layer as a whole. 
The excellent agreement between the two sets of 
predicted results as shown in the figure strongly 
recommends that both approaches are physically 
sound and valid. In the absence of thermal radiation, 
the purely turbulent thermal convection case which is 
also shown in Fig. 2 represents the lower limit of Nu. 

10'0 IO" IO'3 
Ra 

FIG. 2. Nu vs Ra for N = 0.4 and KL = 1000 . ~ theoretical curve of equation (52); --- theoretical 
curve of equation (33); --- purely convection case; 0 numerical data of Chawla et ai. Es]. 
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FIG. 3. NU vs Ra for N = 0.4: (i) KL = 104; (ii) KL = 103; (iii) KL = 102; (iv) KL = 10; (v) KL = 1; 
(vi) KL = 0.1. 

Contrary to the finding of Anderson [2] that con- 
cludes a diminishing effect of radiation at high Ray- 
leigh numbers, here the radiation effect on heat 
transfer is found to be as important at high Ra as that 
at low Ra. 

Figures 3 and 4 display the effects of optical 
thickness and conduction-radiation coupling para- 
meter on the variation of Nu with Ra, respectively. For 
a given value of N = 0.4, the rate of heat transfer is 
found to increase with the optical thickness in the 
range of 1 < KL < 1000, as can be seen in Fig. 3. 
However, for KL < 1 and KL > loo0, Nu is found to be 
almost independent of KL except at rather low (i.e. 1 x 
lo*) or high Ra (i.e. 1 x 10r3). To explain this, we have 
to further examine equation (52). Since we have 6/L << 

1 in the turbulent regime, the following can be a good 
approximation : 

&(KL) - .&(KL - X)= &(KL) 

- &[KL(l -6/L)]= 0(6/L). (57) 

Equation (52) thus reduces to 

Nu = 0.206R~“~{l + (4M/N)[l/3 

- E,(X)]) - 1’4{ 1 + 2.228[1 + (4MIN) 

x [l/3 - E,(x)](Ru/Nu)-~.” 

+ (wNw3 - w3(1/4 - w))]pt (58) 

which shoi?s a dependence of Nu upon x but not 
directly upon KL. Physically, it is the optical thickness 
of the thermal boundary layer that assumes the role of 
thermal radiation, not the optical thickness of the layer 
itself. This result is quite reasonable since most of the 
change in temperature occurs in the 6 region. The effect 
of KL is merely to modify the value of x, as given by 
equation (53). Now let us return to Fig. 3. As to be 
discussed later, the value of 6/L for N = 0.4 is of the 
order of 0.03. Hence for KL < 1 or x < 0.03, the 
boundary layer is optically thin ; and for KL > 1000 or 
x > 30 it is optically thick (in practical sense). As a 
result, marked effect of KL can be seen only in the range 
of 1 < KL < 1000 corresponding to 0.03 < x < 30. 
For Ru 2 1013, however, we have 6/L < 0.03 or x < 
30, so that the boundary layer is still not optically thick 
enough for the effect of KL to vanish even at KL- 

1000. Similar argument may be applied to the lower 
ends of Ru and KL. For KL = 100, corresponding to x 
- 1, the effect of N on surface heat transfer is shown in 
Fig. 4. Relative to that of rcL, the effect of N is found to 

10’0 IO” IO’2 10’3 

Ra 

FIG. 4. Nu vs Ra for KL = 100: (i) N = 0.001; (ii) N = 0.01; (iii) N = 0.1; (iv) N = 1; (VI N = 10; 
(vi) N = 100. 
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FIG. 5. Nu vs N for Ra = 1 x 1012: (i) KL = 0.1; (ii) KL = 1 ; (iii) KL = 10; (iv) KL = 100; 
(V) KL = 1m. 

be much larger. Thus for large values of KL, N may be 
considered as the principal radiation parameter of the 
problem [3]. For N > 1, the radiation effect is only 
moderate on Nu, and decreases slightly as Ra is 
increased. Beyond N = 10 or 100, the effect is 
practically zero. On the other hand, for N < 1, the 
effect is always important, regardless of the value of Ra. 
The radiation mode is in fact a dominating one for N 
< 0.1, where Nu is found to vary roughly as N-‘/2. 

In Fig. 5, the variation of Nu with N is presented for 
different KL, while keeping the value of Ra constant at 
1 x 10i2. At this Rayleigh number, the radiation effect 
is found to be negligible for N > 10 and remain so for 
0.01 < N < 1 if JCL < 1. However, as KL is increased 
and N decreased, the effect may become overwhelm- 
ing. For N > 1, sensible variation of Nu is obtained 
over the range of relatively large KL, i.e. 10 < KL < 

1000. The Nusselt number becomes sensitive to smal- 
ler KL only when N is small. For N < 0.01, Nu is found 
to vary markedly at KL - 1 whereas it is almost 
independent of KL for KL > 100. In general, the effect 
of KL on Nu increases with decreasing N, indicating 
the significance of both parameters on the rate of heat 
transfer. Note that for small N and large KL cor- 

responding to cases with strong radiation effect, the 
thermal boundary layer may become too thick for the 
present results to remain valid. As shown in Fig. 6, the 
requirement of 6/L << 1 is met only for reasonable 
values of N and KL. If we arbitrarily set the criterion as 
6/L I 0.03, the range of applicability of the present 
analysis would be limited to the lower region of the 
figure. In particular, for KL 2 100, we require N 2 
0.04. Beyond this range, the results obtained are 
physically doubtful, as represented by the dashed lines 
in Fig. 5. Thus under severe thermal radiation con- 
ditions, the boundary layer phenomenon in thermal 
convection may not exist even at very high Rayleigh 
numbers. This is further illustrated in Fig. 7, which 
shows the variation of 6/L with Ra for a number of 
selected values of KL and N. In this figure, the effect of 
thermal radiation is strongest in case (i), decreasing 
gradually with increasing case number, and is weakest 
in case (v). For a given value of Ra, the boundary layer 
is found to be thicker as radiation effect gets larger. 
Conversely, in all cases 6/L is found to decrease 
monotonically with increasing Ra. Thus the radiation 
and turbulent convection modes tend to counteract 
each other. For the boundary layer approximation to 

I00 

FIG.~. a/L vs N for Ra = 1 x 10":(i) = 0.1; (ii) KL = l;(C) KL = 10;(k) KL = 100;(v) KL = 1000. 
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BOUNDARY-LAYER REGIME 

10’0 IO” IO’2 IO’3 
Ra 

FIG. 7. S/L vs Ra : (i) N = 0.01, KL = 100; (ii) N = 0.1, KL = 100; (iii) N = 0.4, KL = 100; (iv) N = 0.4, KL = 
10; (v) N = 0.4, KL = 1. 

apply, the Rayleigh number is required to be 

sufficiently high so as to induce strong turbulent 
mixing in the layer to offset the radiative interaction. If 

this is not satisfied, as in case (i), the boundary layer 
regime ceases to exist. Fortunately, in many engineer- 

ing problems such as postaccident heat removal in 
nuclear reactors, N is usually larger than 0.1 and Ra 

higher than 1 x lOi’, so that the criteria can easily be 

met. 

5. CONCLUSION 

Thermal radiation has been demonstrated to be a 

significant heat transfer mode in heat source-driven 
thermal convection at high temperatures. The ra- 

diation enhanced heat transfer is found to be as 

important at high Rayleigh numbers as that at low 

Rayleigh numbers. In general, large radiation effect is 
obtained at large optical thickness and small 
conduction-radiation coupling parameter. For mo- 
derate values of KL and N, heat transfer is found to be 
equally sensitive to changes in both parameters.. 
However, the Nusselt number is only indirectly de- 

pendent upon KL through its dependence on the 
optical thickness of the thermal boundary layer. 
Consequently, for KL < 1 or KL > 1000, correspond- 

ing in general to 1 < 0.03 or x > 30, respectively, the 
boundary layer becomes optically too thin or too thick 
for the effect of KL to remain substantial. Marked 
variation of Nu with KL is obtained only in the range 1 
< KL < 1000. For large values of x, corresponding to 

KL 2 1000, the effect of radiation is found to be 
negligible for N > 10, moderate for N - 1, and 
dominating for N < 0.1. On the other hand, for small 
values of x, corresponding to KL < 1, considerable 
radiation effect is obtained only if N < 0.01. Finally, it 
has been shown that the present analysis is a valid one 

provided that the Rayleigh number is high enough to 
sustain a thin thermal boundarv laver at the uoner 

wall. For the case in which the radiation effect is not 
overwhelming, i.e. N 2 0.1, the lower limit of Ra for 

the validity of the boundary layer approximation is 
found to be roughly equal to 1 x lo”, which 
fortunately is still below or among those values 
commonly encountered in many engineering 
applications. 
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TRANSFERT THERMIQUE RADIATIF DANS UNE COUCHE DE 
FLUIDE TURBULENTE GENERATRICE DE CHALEUR 

R&me-On etude theoriquement le probltme couple du rayonnement et de la convection naturelle 
turbulente dans un milieu de fluide gris horizontal, chauffe dans sa masse, limite au dessus par une paroi 
rigide et isotherme, au dessous par une paroi rigide et adiabatique. Une mtthode basee sur l’approche de la 
couche limite est utilisie pour obtenir l’influence, sur le transfert thermique a la paroi superieure, des 
parametres principaux du probltme qui, pour des nombres de Prandtl modtrts, sont le nombre de Rayleigh 
Ra, l’ipaisseur optique KL et le parametre de couplage entre conduction et rayonnement N. On obtient aussi 
le comportement de la couche limite thermique sur la paroi suptrieure. Pour KL grand, la contribution du 
rayonnement thermique dans le transfert thermique est negligeable pour N z 10, mod&e pour N _ 1 et 
assez forte pour N < 0,l. Neanmoins, aux faibles valeurs de KL, le rayonnement thermique est important 
seulement si N < 0,Ol. Tandis qu’un niveau de turbulence tleve s’accompagne dune couche limite plus 
mince, un effet important du rayonnement accompagne une couche plus Cpaisse. En presence d’un 
rayonnement thermique important, une plus grande valeur de Ra est necessaire pour valider l’approche 
choisie. Dans des conditions s&&es de rayonnement, il n’y a pas de regime de couche limite, meme a de trbs 
grand nombres de Rayleigh. Les domaines d’application des resultats present& sont determines et la 
mtthode d’approche est justifiie. En particulier, la validite de l’analyse est testee dans trois cas extremes, ceuz 

pour lesquels KL + ru, N ‘x., et Ra + r*, en comparaison avec la solution numerique. 

STRAHLUNGSWARMEAUSTAUSCH IN EINER TURBULENT STRGMENDEN 
FLUSSIGKEITSSCHICHT MIT INNEREN WARMEQUELLEN 

Zusammenfassung-Das gekoppelte Problem des Warmeaustausches durch Strahlung und freie Konvek- 
tion mit turbulenter Grenzschicht in einer volumetrisch beheizten, horizontalen und als grau anzusehenden 
Fhissigkeitsschicht wird analytisch untersucht. Die Fhissigkeit wird oben durch eine feste isotherme Wand 
und unten durch eine feste adiabate Wand begrenzt. Es wird eine Naherungsmethode verwendet, die auf der 
Losung der Grenzschichtgleichungen beruht, urn den EinfluD der wichtigsten Problemparameter auf die 
Warmeiibertragung an die obere Wand zu erkennen. Fiir mL8ige Prandtl-Zahlen sind dies die Rayleigh-Zahl 
Ra, die optische Dicke KL und der Kopplungsparameter N zwischen Warmeleitung und -strahlung. Ebenso 
wird in dieser Untersuchung das Verhalten der therm&hen Grenzschicht an der oberen Wand betrachtet. 
Bei groBem KL ist der Anteil der Wlrmestrahlung an der Warmeiibertragung in der Fliissigkeitsschicht fiir 
N > 10 vernachllssigbar, fur N _ 1 mittel und fur N < 0.1 sehr grog Jedoch ist bei kleinem KL die 
Warmestrahlung nur fiir N < 0.01 von Bedeutung. D_a ein hoherer Turbulenzgrad eine diinnere Grenz- 
schicht verursacht, ergibt sich ein grii8erer EinfluB der Strahlung in einer dickeren Grenzschicht. Somit ist bei 
einer starken Wlrmestrahlung eine vie1 gri%ere Rayleigh-Zahl Ra erforderlich, damit die Losung der 
Grenzschichtgleichung giiltig bleibt. Unter starken Strahlungsbedingungen zeigt sich, da8 selbst bei sehr 
groBen Rayleigh-Zahlen kein Gebiet mit Grenzschichtstromung existiert. Entsprechend wird der Anwen- 
dungsbereich der vorliegenden Ergebnisse festgelegt und die Berechtigung der Naherungsmethode 
begriindet. Insbesondere wird die Giiltigkeit der vorliegenden Analyse fiir drei Grenzfalle, KL + co, N + JJ 

und Ra + CC iiberpriift und ferner durch den Vergleich mit der numerischen Ldsung bestatigt. 

JIYrlHCTblti TEIIJIOIIEPEHGC B TYPEYJIEHTHOM, I-EHEPMPOBAHHOM HAIPEBOM, 
CJIOE XHAKOCTB 

Amnxamu - DpOBeneHO aHaJIHTH%cKOe HccnenoBaHHe ny%ic~oro nepeHoca H Typ6yJIeHTHOH ecTe- 
CTBeHHOii KOHBeKuHH B HarpeBaeMOM rOpH30HTaJIbHOM o6aeMe CepOil CpenbI, OrpaHHHeHHOM CaepXy 
XECTKO8 H30TepMHWCKOfi, a CHH3y XreCTKOH aJma6aTHWCKOk CTeHKaMH. &Is nO,IyHeHH,I 3aBHCH- 
MOCTH BeIIWIHHbI TenJIOBOrO IIOTOKa Ha BepXHeii CTeHKe OT OCHOBHbIX napaMeTpOB 3anaHH. KOTOpbIMH 
npH yMepeHHb:x 3HaHeHHsx YHcna DpaHn~fiII sBnsH3Tcs wcno Penes Ra, 0nTHHecKas TonmHHa KL 
H napaMeTp B3aHMOnefkTBHII TenJIOnpOBOnHOCTH C H3JIy’ieHHeM N, HCnOJIbSOBaH MeTO& OCHOBaHHbIH 
Ha npH6JIHHCeHHH nOrpaHH’IHOr0 CJIOR. HaiineHo, HTO npH 6OJIbIIIOM 3Ha’IeHHH OIITHYeCKOti TO,ImHHbI 
KL norm TennOBoro HmyqeHHn B o6ureM noToKe Tenna B cnoe HpeHe6peXHMO Mana npH NzO, 

)‘MepcZHHa npu N - 1 H BeCbMa 3Ha’IHTeJIbHa npH N < 0.1. OAHaKO npH He6OJIbmOM 3HaYeHHH KL 
BKJIWI TCllJIOBOI-0 H3JlY’iCHHR B‘XHK TOJIbKO npH N < 0,Ol. B TO BpeMI. KaK B nOrpaHHrHOF.4 cnoe 
MeHbIIIeii TOJIIUHHbI Ha6nIonaeTcn 6onee BblCOKHfi ypOBeHb Typ6yneHTHOCTH, B nOI'paHHqHOh4 CnOe 

6onburefi TOnIuHHbl HadJIloaaeTCa 6onee CHJIbHoe BnHnHHe HsnyHeHHn. TaKHM o6pa3oM, arm Tore 
‘ITo6bI npH6nHxeHHe norpaHHrHor0 cnon oKa3anocb cnpaBenJIeBbIM npe HanH4HH HHTeHCHBHOrO 
TennoBoro H3nyHeHHn. Tpe6yIoTcn ropasao 6onee BbIcoKHe 3HaqeHHn HHcna Ra. flpe 3HaHHTenbHoM 
H3nyHeHHH pemHM norpaHHsHor0 cnox He Ha6ntonancn naxe npa 0qeHb 6onbmHx qHcnax Penen. 
B COOTBeTCTBHH C 3THM B pa6ore OnfWWIeHbI rpaHHIIb1 IIpHMeHHMOCTH IIOJIy’IeHHbIX pe3yIIbTaTOB H 
naH0 06OCHOBaHHe npH6nHnreHHoro Merona. CnpaBeanaBocTb nonyHeHHbIx pe3y,IbTaTOB npoeepeHa 
B apex npenenbnblx cnyrarx, KL + m, N + CC B Ra 4 x, n,‘TCM CpaBHCHHS C ‘,HC,ICHHbIM ~“IeHlW.,. 


